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1 Faltings height

Let M be a compact complex manifold of dimension n and let Qy be the sheaf of
holomorphic n-forms. Since Qf; is coherent, I'(M, Qy)) is a finite dimensional com-
plex vector space.

Example 1.1. If M is a compact Riemann surface, then I'(M, Qll\,[) is g-dimensional,
where g is the genus of M.

We remark that I'(M, Ql’\"/l) is a sub-vector space of F(M,afl\’}[), the space of global
C®* complex n-forms, and there is a natural complex conjugation on the later. We
define

(,):T(M, Q%) xT(M, Q%) — C
n(n-1) l n _
(0, — (1) " (—) fmq
2] Jm

Lemma1.1. (, ) isahermitian product.

Proof. Itis clear that ( ) is linear on the first coordinate and anti-linear on the second
one. For w,n e I'(M, Qf)), we have

\n S\ 1
—_— n nn-1) [ 1 _ n n? nn-1) [ 1 —_
(,m=-D"(-D 2 (—) f oAn=(=DTEDT (D)2 (—) f nA®=(n,w)
2 M 2 M
Finally, we show that (, ) is positive-definite. Let w € I'(M, Qy)). Locally, we can write

w=fdz---dz,

*Talk given at Orsay 15/01/2015 for the Mordell’s conjecture secret seminar.



where f = f(z1,...,zy) is a holomorphic function. Thus, writing z; = x; +iy;, we get

wAw=|fPdziA--AdzyAdzi A Ndzy,

n(n—1)

=(-1" 2 |fP(dz Adz) A A(dzg Adzy)

n(n-1)

2 n
=(-1) 2 Iflz(;) dxyndy) N ANdxy ANdyy)

and it is clear that (w,w) = 0 and the equality holds if and only if f = 0 locally, i.e.
w=0. ]

Example 1.2. Let M = C/A, where A is a lattice in C, regarded as a real vector space.
We let P be a fundamental domain for A. The sheaf Qll\/l is generated by the global
section w, whose pullback by C— C/Ais dz = dx+idy. We have:

(w,w)zif wAG:fdx/\dy
2 Jum P

Thus (w, w) is the “area” of the torus M.

Now let K be a number field and A an abelian variety over K, of dimension g and
with zero section e : SpecK — A. If o — SpecOk is the Néron model of A, consider
the canonical sheaf Qi 16¢" It is an invertible sheaf (and in general it is not trivial). If
s:SpecOx — « is the zero section, then we define the relative dualizing sheaf

4

Wp = S*Qw‘/ﬁp

It is an invertible sheaf on Spec Ok, thus corresponds to a projective module of rank
1 over Ok.
Remark 1.1. Notice that wa just depends on «/°, the identity component of of <.

If 0 : K — Cis an embedding, the commutativity of the diagram

As A of
egT eT ST
SpecC —2— SpecK SpecOx

shows that
0'*('UA = F(‘Qfﬁ(c)'QXU(C))

We consider the hermitian product i on 6*wp defined as above. These hermitian
products are invariant under complex conjugation’.
We have thus a hermitian line bundle wp over Ok.

Definition 1.1. The Faltings height of A is denoted and defined by

1
K:Q]

170 see this, you must convince yourself that holomorphic forms on A5(C) correspond to anti-
holomorphic forms on Ag (C) and vice-versa.

hp(A) = deg(@x)




Remark 1.2. In general, hg(A) dependsonK, i.e. hg(A) # hp(A®K') if K' > K is a num-
ber field extension. However, if A is semi-stable (everywhere), then the formation of
the identity component of the Néron model «/° commutes with extension of scalars
([11, Section 7.4, Corollary 4), and thus hg(A) = hg(A ® K') for every number field ex-
tension K’ > K, thanks to the 1/[K : Q] factor on the definition. By the “semi-stable
reduction theorem”, there exists a number field L > K such that A ® L is semi-stable,
and we can define the stable (or geometric) Faltings height as hggaple (A) = hp(A®L).

2 Elliptic curves

General references for this section are [6] and the Chapter 7 of [5].

2.1 Weierstrall models

Let k be any field of characteristic # 2,3 and E an elliptic curve over k. By a classical
argument using Riemann-Roch, one can prove that E is isomorphic to a projective
plane curve of the form

E(g,83):y* =4x° —gx—g3

satisfying A(g2, g3) = gg’ - 27g§ # 0. The elliptic curve E(g2, g3) is a Weierstral} ellip-
tic curve and if E = E(g, g3), we say that E(g, g3) is a Weierstrall model for E. The
quantity A(go, g3) € k™ is the discriminant of E(g, g3).

Weierstrall models are not unique, but we can describe all of them. Namely, one
can prove that every automorphism of Weierstra@ elliptic curves is induced by an
automorphism of P{ given (on A% c P7) by

(x,y)— (uzx, u3y)
for some u € k™. In particular,
E(g2, g3) = E(g),g4) < Jue k™ suchthat g, = u'g; and gj = u®gs
Notice that, in this case, A(g), g&5) = u'*A(g2, 83).
The last formula shows that, if E = E(g», g3),
3

&>

j(E)=1728———— € k
/ Mg 8)

does not depend on the chosen Weierstraly model. This is the j-invariant of E.

Recall the notations J%g,d and Mg 4 from “Heights I”. Notice that .4/ 1 (k) is just
the set of of all elliptic curves over k, up to isomorphism, because elliptic curves
admit a “canonical” principal polarization, given by

E(k) — Pic’(F)
P— [P]-[O]

where O € E(k) is the identity of E(k).

Theorem 2.1. We have M, ) = A,lC and, for extensions K o k, the function .4, ; (K) —
M, 1 (K) is given by j. In particular, j(E) = j(E') ifand only if E® k = E' ® k.



Yet another important invariant of a Weierstra model E = E(g», g3) is its Néron
differential

dx 1
1(g2, 83) = 7 eI'(E, Qg ) \ {0}

which is an invariant differential form.

One can even show that to fix a Weierstral model of an elliptic curve is the same
thing as fixing m e T'(E, Qllg / o \ {0} (see the formula below).

Notice that, for u € k*, the change of coordinates (x, y) — (1% x, u®y) induces the
formula n(u*g,, u®gs) = u™'n(gy, g3). In particular, if we denote w =T'(E, Qg ), the
form

s=A(g2, g3)m(g2, 83)° 2 € ™12

dos not depend on the chosen Weierstrall model! For this reason, we denote it just
by s = An®12,

Remark 2.2. When the characteristic of k is 2 or 3, some elliptic curves do not admit
a Weierstrall model as defined above, but there is a more general notion of Weier-
stral$ model, namely

y2 +a1xy+asy= x3 + a2x2 + asx + ag,

that encompasses all elliptic curves over a field of any characteristic. The major
drawback is that the formulas get really ugly and complicated, so we stick to charac-
teristics different to 2 and 3 to fix ideas.

Remark 2.3. It is worth to draw some comments on the relative case. A relative
elliptic curve over S is an abelian scheme over S of relative dimension 1. One can
define, more generally, a relative curve of genus 1, where singularities are admitted.

In this relative scenario, one can mimic the Riemann-Roch argument and define
Weierstrall models, but now g» and g3 are sections of Os. For E — S a relative curve
of genus 1 with identity section e : S — E, we denote w = e*Qlla ,5- One can also
define discriminants, j-invariants and Néron differentials, which can be shown to
be generating global sections n of w. Additionally, one can show as before that the
formation of

s=AT®2 €S, w?)

does not depend on the chosen Weierstra model and commutes with base change
on S. In other words An®'? is a (geometric) modular form of weight 12. The inter-
ested reader can read Deligne’s [3], where all of this is discussed.

2.2 Minimal Weierstral models and reductions

The formula A (u* £, u® g3) = ule(gg, g3) also leads to the notion of a minimal Weier-
stral$ model.

Let A be a discrete valuation ring, with fraction field K, residue field k and let
v : K — ZuU{oo} be its valuation. We will assume that the characteristic of k is different
from 2 and 3 (otherwise, one has to work with the scary general Weierstraly models)!

Let E be an elliptic curve over K. By taking u € A with v(u) > 0, we can always
find a Weierstral model E(g», g3) for E with gy, g3 € A. In this case, v(A(g2,83)) =0
and one can search for such “integral” Weierstra models that minimize this quan-

tity.



Definition 2.1. A minimal discriminant A for E is some element A = A(g2,g3) € A,
for some Weierstrall model E = E(g», g3), such that

v(A) =min{v(A(g), 85)) |EZE(g),84), 85,85 € A}
In this case, we also say that E(g», g3) is a minimal WeierstraR model for E.2

Notice that minimal Weierstral models always exist and two minimal discrimi-
nants differ only by an element of A*.
We shall use the following fact. A proof can be found in the first chapter of [1].

Proposition 2.1. Let E be an elliptic curve over K and let & — SpecA be the Néron
model of E. If E = E(g», g3) is a minimal Weierstra model of E and

AX,Y,Z]
(Y2Z - 4X3 + goX72 + g373)

W =Proj

then there is an isomorphism
&=y
where #3™ is the smooth locus of # — SpecA.

For this reason, minimal discriminants and explicit equations can be used to
study reductions of elliptic curves:

Proposition 2.2. Let A be a minimal discriminant for E and j = j(E). Up to isomor-
phism of k-group-schemes, there are 3 possibilities for §° ® k:

1. We say that E has good reduction if £° ® k is an elliptic curve. This happens if,
and only if, v(A) = 0.

2. We say that E has multiplicative reduction if §° ® k = G, ;. This happens if,
and only if, v(A) > 0 and v(j) = —v(A).

3. We say that E has additive reduction if §° ® k = G, ;.. This happens if, and only
if, v(A) >0 and v(j) > —v(A).
In cases 2 and 3, we also say that E has bad reduction.
For a proof, see [6]. It is clear by definition of semi-stability of an abelian variety
that E is semi-stable if, and only if, E has good or multiplicative reduction.
If K is a number field and p a maximal ideal of Ok, we say that E is semi-stable

at p if E is semi-stable when regarded as an elliptic curve over FracOx , = K. We say
that E is semi-stable (everywhere) if E is semi-stable at every maximal ideal.

2.3 Complex uniformization

Let h = {z € C| Sz > 0}. Recall that to T € h we can associate a Weierstral elliptic
curve

E:: y2 =43 - g ((Mx—g3(1)

where g, g3 : h — C are holomorphic functions given by

1
(n+mt)°

gM=60 Y

(n,m)eZ?\{0

and g3s(1)=140 )

2
y (n+mT) (n,m)eZ2\ (0}

2Beware that some (most?) people call “minimal Weierstra model” the A-scheme #  defined in the
next proposition.



Definition 2.2. The functions A(t) = A(g2(1), g3(1) and j(1) = 1728g2(1)3/A(T) are
the modular discriminant and modular invariant respectively.

The important fact about the elliptic curves E- is that there is an isomorphism of
complex manifolds

¢1:C/(Z+Z7) — E;(C)
z— (1:9:(2) : 9% (2)

such that @ (dx/y) =dz.
Now, consider the action of SL(Z) on h given by

at+b here ( a b )
T= , where g =
ct+d g c d
It is well defined because
Ruy
S(gT) = —~
3§ lct +d|?

Theorem 2.4 (Uniformization). The function j: h — C induces an isomorphism of
complex manifolds h/SL»(Z) — C. Equivalently, every complex elliptic curve is of
the form E for some T € hj.

The last fact we will need is that j and A are modular of weights 0 and 12 respec-

tively. This means that, for every g = ( Z b ) € SL,(Z), we have

d

jm=jg-1
1

A= e

01
T € b. It follows that, if (1) = *'™7, then A and j can be written as functions of g.

In particular, if g = ( 11 ), we see that j(1) = j(1+1) and A(t) = A(t + 1) for every

Theorem 2.5. We have:

. n
jr) = e +744+’;1 cnq (1)

for some ¢, € N and

A =2 [ (1-q@™*

n=1

3 Comparison theorem for elliptic curves

Before comparing the Faltings height with the modular height, we need to find a
more or less explicit formula for the Faltings height of an elliptic curve. The idea
is that we can express it in terms of discriminants and than we can try to compare
discriminants with j-invariants.



Theorem 3.1. Let K be a number field and E an elliptic curve over K. Then

hg(E) = (log |0k /Ag/k| - Y 10g(IA(TA)I(ST)®)

1
12[K: Q]
where o runs through the set of embeddings o : K — C and 71 are arbitrary elements
of b satisfying E+, = E,.

We remark that the formula

ST

YET T aae

a b
where g = ( c d )
shows that A(g-1)(Sg-1)® = A(1)(371)8 for every T € h and g € SL(Z). Thus the above
expression for hp(E) is well-defined.

For the proof of the theorem, we shall need the following two lemmas.

Lemma 3.1. Let L be a hermitian line bundle over SpecGy and n € Z. Then
deg™®") = ndeg(™)
Proof. Easy. |

Lemma 3.2. Let & — SpecOx be the Néron model of E and e : SpecGx — & its iden-
tity section. If w = e*Qy, o, then there exists a global section s € I'(Spec Ok, w®12)\{0}
such that:

1. For every maximal ideal p of Ok, s, = Ap7j'?, where Ay is a minimal discrim-
inant of E at p and my, is the Néron differential of a minimal Weierstral3 model
ofEatp.?

2. For every embedding o : K — C, ¢*s = A(To)nﬁ12 where 14 € b satisfies E; =

E., and 1, is the Néron differential associated to E,.

Proof. We see w as a Og-module and w — w ® K. Choose any Weierstral$ model for
E and consider s = A1®12 € w ® K, where A is the associated discriminant and 7t the
Néron differential.

For a maximal ideal p of Ok, consider the localization s, € wy ® K. Since “s =
An®12” does not depend on the Weierstra model (cf. argument after Theorem 2.1)
we get s, = Ap s 2. In particular, s, € w,.* This shows (1) and that s € w. The point
(2) follows by the same argument. |

Proof of the theorem. Let w and s be as in the preceding lemma. We will compute
deg@mz). For the “finite part”, we remark that

w®?10ks = P wy 10k psp = POk pmy 210k p A2
p p

thus

log|w®'?/0ks| =Y 1og|Ok Ok pAp| =log |0k / Ap /x|
P

3When we say “E at p” we mean that K is seen as the fraction field of Ok,p and minimal Weierstrafl
models are taken with respect to the discrete valuation ring O .

4We are using implicitly that the Néron model of E over Ok, p is just & ® O, and that the later is given
by a minimal Weierstral3 model. See the first chapter of [1].



Now, to the infinite places. If o : K — C is any embedding, then

Isllo = IAEHNTE? 6 = AT 176 1122

Now,
2 _ 1 i L
”T[GHC’:_ Mg ATlg = dzndz=S14
2 Jes© 2 Jer@+zrg)
Thus
hF(E) = L(@G: ;(@6812
(K: Q] 12[K: Q]
1
==l Ox /A — 1 A Y 6
12K Q] (ogl K/ Ag/k! ; 0g(IA(T)|(ST6)%)

Example 3.1. For K=Q, let T € h be such that E = E;. Then:
1
hg(E) =log|Ag/ql —log|A(T)| - zlogl%‘Tl

If T can be chosen such that E; is a minimal Weierstra model for E, then we get the
simpler formula

1
hF(E)z—Elogli‘s‘rl

but this is not always possible.”

Remark 3.2. We could have obtained the last formula more directly. IfE is an elliptic
curve over Q and w is its dualizing sheaf, then there is some generator n € w, since Z
is a PID. By denoting nic the associated holomorphic form on E(C), we get:

1 _
hF(E):loglw/nZI—logllnllooz——f e ATIC
2 Je©

If there is T € h such that E; is a minimal Weierstrall model for E, then n = +dx/y
and thus n¢ = +dz under the isomorphism E = E; = C/(Z + 1Z). We then obtain the
previous formula hg(E) = —% log|STl.

Remark 3.3. The formula in the above example is so explicit that you can even com-
pute some heights on the computer, since the software Sage can compute minimal
discriminants and period lattices.

We will use the following notation:
log* :R—R
t — logmax{t, 1}

IfE is an elliptic curve over a number field K, recall that the modular height of E
is given by

hw(E) = h(j(E)) =Y log" |j By
v

where h : P! (6) — R is the Weil height of P!, v runs through all places of K and | |,
are normalized absolute values.

SHere’s an example http://math.stackexchange.com/questions/120401/
form-of-minimal-integral-weierstrass-equation-for-elliptic-curve-over-q-with-g.


http://math.stackexchange.com/questions/120401/form-of-minimal-integral-weierstrass-equation-for-elliptic-curve-over-q-with-g
http://math.stackexchange.com/questions/120401/form-of-minimal-integral-weierstrass-equation-for-elliptic-curve-over-q-with-g

Theorem 3.4 (Comparison theorem). For elliptic curves with semi-stable reduction
over K, we have

1
hg = EhM + O(lOg+ hv+1)

Remark 3.5. Explicitly, this means that there is some constant C > 0 such that for
every semi-stable elliptic curve over K, we have

1
hy(E) - EhM(E) < Clog" hy(E)+C

In the previous theorem, we expressed the Faltings height of an elliptic curve in
terms of discriminants. On the other hand, the modular height is expressed in terms
of the j-invariant. The idea in the next proof is to “make the j-invariant” appear by
comparing it with the discriminant.

Proof of the theorem. Let E be a semi-stable elliptic curve over K. Let A = Ag/x and
J = j(E). First, we look to the finite part. Let S be the set of finite places (or, equiva-
lently, maximal ideals) of K where E has bad reduction. Since E is semi-stable, if v is
a finite place, then v €S < |j|, > 1. We get:

log|Gx /Al =Y log|Gx,p /p** ™|
p

= Z vp(A)log|Ok p /bl
pesS

==Y vp(j)loglOxp/pl
pes

=[K:Q] Y log* |,

ves

=[K:Ql }_ log"|jly

vfoo

For the infinite part, chose 14 € b, for each embedding o : K — C, such that E; =
E¢,. Letus denote Ay = A(14) and j; = j(14)-

We remark first that we can always assume ST, = v/3/2 (cf. in [5] the fundamen-
tal domain for the action of SL,(Z) on ). The main point is that, for T € h satisfying
imT = v/3/2, we have:

log|A(T)| = —log™ |j(1)|+0(1) (*)

and
2131 =log™ (1) +O(1) (%)

Let us finish the proof of the theorem assuming these estimates. By combining the
last theorem, the last paragraph and (x), we get

hp(E) = log|Ox /Al —ZloglAgl—GZlog%Tg)
(o2 (o2

Zxal
12(K: Q]

1
K:Ql ). 10g+|j|,,+Zlog+|jU|)— Y 1ogS15 +0(1)

- 12[K: Q] Moo o 2[K: Q] 5
1

_ _ I

= 0 hM(E) Z[KQ] EO IOg\STg"rO(l)



Now, it is easy to prove that log™ |j(1)| = logmax{| j(1)|, e} + O(1) and we obtain by
(k%):

log 3T =loglogmax{| j(1)], e} + O(1)

Notice that loglogmax{| j(1)|, e} = 0, thus

jol, e}

[K Q]

1
K:Ql

=log (Hlogmax{ljol, e})

A

lo ([K a Zlogmax{ljol e})

—log(m 2_(log" |jsl + 1))
<log(hm(E) +1)
=log* hm(E) +0(1)

where the second inequality comes from the arithmetic-geometric mean inequality
and the last equality comes from the fact that log(1 + £) = log* ¢+ O(1) for ¢ = 0.

To finish the proof, we must show why (*) and (* *) hold. Welook at g-expansions.
Since A(T) = 2m) 2 q (1) [T21 (1 — g(1)M%, we get

logl|A(T)| =loglg(D)]+ ) 24log|1 - g(1)"]+O(1)

n=1

Since imT = v/3/2, we get |g(1)| = e"2"3T < e "V3 < 1. Thus,

0= Y logll-g(" < Y logl+e ™M <Y ™3 <o

n=1 n=1 n=1

and this shows that
log|A(T)| =loglg(T)|+0O(1)
Now, to prove (*), it is sufficient to prove that
log™ | j(1)| = ~loglg(n)| +0() (% %)

This comes in two steps. Recall that q(1)j(1) =1+ 744q(T) + X ;1 cnq('r)”“.

1. The g-expansion of j shows that there exists € > 0 such that, for every T satis-
fying |j(1)| = 1, we have |g(1)| = €. Hence, if |j(T)| = 1, log™ | j(1)| +log|g(T)| =
loglg(T)|=0(1).

2. If j(1)] = 1, thenlog™ | j(1)| +log|q (1) = log| j (1) +1og|q(T)| = log|1+ 7444 (1) +
Y =1 60q(0"=0(1).

Finally, (**) is a direct consequence of the formula log|q(1)| = —2n3T and (* * *).
]
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