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I Joint work with Francis Brown.

I Preprint [arXiv:2508.04844]:
Single-valued periods of meromorphic modular forms and a
motivic interpretation of the Gross–Zagier conjecture

I Goals of the talk:
I Explain the GZ conjecture;
I Relate it to the moduli spaces M1,n;
I Discuss motivic aspects.

I Note: Li ’23, Bruinier-Li-Yang ’25: analytic proof.



The Gross–Zagier conjecture



I H = {z ∈ C : Im(z) > 0} upper-half plane; SL2(Z)-action:(
a b
c d

)
· z =

az + b

cz + d
.

I Klein’s J : H→ C inducing SL2(Z)\H ∼→ C.

I Moduli: SL2(Z)\H ∼= M1,1 via z 7→ (Ez = C/(Z + Zz), [0]).



Theorem (Kronecker)

If z ∈ H is a quadratic number, then J(z) ∈ Q.

I Example (Weber):

J(
√
−14) = 6−3

(
323 + 228

√
2 + (231 + 161

√
2)

√
2
√

2− 1

)3

I Geometric interpretation: an elliptic curve with too many
endomorphisms (i.e., End(E ) ) Z) is defined over Q.

I We say z ∈ H is a CM point.

“The theory of complex multiplication, which forms a powerful link
between number theory and analysis, is not only the most beautiful
part of mathematics but also of all science.” D. Hilbert



Gross–Zagier:

I Key case of BSD conjecture.

I Computation involves higher Green’s functions:

Gs(z ,w) ∈ R, z ,w ∈ H, s ≥ 1

I ‘Higher’ versions of G1(z ,w) = log |J(z)− J(w)|2, but
unclear geometric interpretation.



Gs are characterised by:

1. Symmetric real-valued real-analytic SL2(Z)× SL2(Z)-invariant
function on H×H \ {(z ,w) : z 6∈ SL2(Z)}.

2. Eigenfunction for hyperbolic Laplacian in z and w :

∆zGs = s(s − 1)Gs = ∆wGs

3. Logarithmic singularities:

Gs(z ,w) = log |z − w |r + O(1), z → w

where r = |Stab(w)| is almost always 2.

4. Vanishing at the cusps (s > 1):

Gs(z ,w) = o(1), Im(z)→∞.

Explicit formula: infinite sum involving Legendre’s function of
second kind Qs−1.



When s ≥ 1 is an integer, Gs has remarkable arithmetic properties:

I GZ conjecture for s ∈ {1, 2, 3, 4, 5, 7}: if z and w are CM of
discriminants dz and dw , then

Gs(z ,w) = (dzdw )
s−1
2 log |α|, for some α ∈ Q

More complicated version for other s.

I For G1(z ,w) = log |J(z)− J(w)|2, it follows from Kronecker.

I Example (Mellit):

G2(−1+i
√
7

2 , i) = 8√
7

log(8− 3
√

7).

I Previous work: Gross–Kohnen–Zagier ’87, Zhang ’97, Mellit
’08, Viazovska ’11, ... , Li ’23, Bruinier-Li-Yang ’25.



Differential forms on M1,n



Example (s=1)

I G1(z ,w) = log |J(z)− J(w)|2 as a definite integral:

G1(z ,w) =

∫ J(z)

1

dx

x − J(w)
+

∫ J(z)

1

dx

x − J(w)

I As a primitive:

dzG1(z ,w) =
J ′(z)dz

J(z)− J(w)︸ ︷︷ ︸
ν

+
J ′(z)dz

J(z)− J(w)
= ν + ν

I ν is a ‘1-form of the 3rd kind’ on M1,1 with poles at J(w).

Question: do Gs(z ,w) admit a similar description for s > 1?



I M1,n = moduli of genus 1 curves with n marked points:

M1,n = Deligne–Mumford compactification (stable curves).

I Action of Sn: permute the marked points.

I “Uniformisation”:

Γ1,n\U1,n
∼−→ M1,n

(z , u1, . . . , un−1) 7−→ (Ez = C/(Z + zZ), [0], [u1], . . . , [un−1])

where

U1,n = {(z , u1, . . . , un−1) ∈ H×Cn−1 : ui 6∈ Z+Zz , ui−uj 6∈ Z+Zz}

Γ1,n = SL2(Z) n (Z2)n−1



I For n ≥ 3 odd and p + q = n − 1, p, q ≥ 0, let

Ψp,q(z ,w) =
∑

γ∈SL2(Z)

1

(cz + d)n+1

w − w

(γz − w)p+1(γz − w)q+1

and set

νp,q = Ψp,q(z ,w)dz ∧ du1 ∧ · · · ∧ dun−1

I Let Dw be the fibre of J(w) = (Ew , [0]) under

π : M1,n → M1,1, (C , p0, . . . , pn−1) 7→ (C , p0)

Theorem (Brown–F.)

The above νp,q define algebraic n-forms on M1,n \ Dw whose
cohomology classes are alternating and satisfy

Hn(M1,n \ Dw )sgn = Hn(M1,n)sgn ⊕ C[ν0,n−1]⊕ · · · ⊕ C[νn−1,0]



Let

ωi = dui −
ui − ui
z − z

dz

and, for r + s = n − 1, set

ωrωs =
1

(n − 1)!

∑
σ∈Sn−1

sgn(σ)ωσ(1) ∧ · · · ∧ ωσ(r) ∧ ωσ(r+1) ∧ · · · ∧ ωσ(n−1)

Theorem (Brown–F.)

There are unique real-analytic (n − 1)-forms gp,q on M1,n \ Dw

such that

gp,q =
∑

r+s=n−1
Gp,q
r ,s (z ,w)ωrωs , dgp,q = νp,q + νq,p

Moreover,

G s−1,s−1
s−1,s−1 (z ,w) = (−1)s−1

(
2s − 2

s − 1

)
Gs(z ,w)

(z − z)s−1(w − w)s−1



Upshot: given n ≥ 3 odd,

I There’s a whole n × n matrix of higher Green’s functions.

I Entries are ‘coefficients’ of (n − 1)-forms gp,q such that

dgp,q = νp,q + νq,p

where νp,q are algebraic n-forms which split the Hodge
filtration on Hn

dR(M1,n \ Dw )sgn.

I If n = 2s − 1, central entry is proportional to Gs(z ,w).

I Example: G 2,0
0,2 (z ,w) G 1,0

0.2 (z ,w) G 2,0
0,2 (z ,w)

G 2,0
1,1 (z ,w) G 1,1

1,1 (z ,w) G 0,2
1,1 (z ,w)

G 2,0
2,0 (z ,w) G 1,1

0,2 (z ,w) G 0,2
2,0 (z ,w)


with G 1,1

1,1 (z ,w) ∼ G2(z ,w).



Motives



I Let k ⊂ C be a number field. Many cohomology theories for
algebraic varieties over k , e.g.

Betti Alg. de Rham `-adic

H•B(X ) H•dR(X ) H•` (X )

H•sing (X (C);Q) H•Zar (X ; Ω•X/k) lim←−n
H•et(X ;Z/`n)⊗Q`

Q k Q`

complex conj. Hodge filtration Galois rep.

I Grothendieck comparison theorem (coefficients are periods):

H•dR(X )⊗k C
∼→ H•B(X )⊗Q C, [ω] 7→ ([σ] 7→

∫
σ
ω)

I Grothendieck: there should be a motive of X , namely some
‘linear algebra object’ (in some abelian category) containing
all possible cohomological information of X , for any (Weil)
cohomology theory.



I DM(k) = Voevodsky’s triangulated category of (geometric)
motives over k .

I Morally: bounded derived category of the ‘true’ abelian
category of motives over k .

I DM(k) is Q-linear, triangulated, pseudo-abelian, rigid tensor.

I Functor:

Y ⊂ X 7−→ H(X ,Y )︸ ︷︷ ︸
“relative cohomology”

∈ DM(k)

Denote H(X , ∅) = H(X ).

I Distinguished triangle:

H(Y )[−1] −→ H(X ,Y ) −→ H(X )
+1−→

“relative cohomology long exact sequence”



I Realisation functors:

RB : DM(k)→ DbVectQ, RdR : DM(k)→ DbVectk , ...

with RBH(X ,Y ) = H•B(X ,Y ), ...

I Natural isomorphism RdR ⊗k C ∼= RB ⊗Q C.
I Basic motives:

I Trivial: Q(0) = H(pt)
I Lefschetz: Q(−1) = H(A1 \ {0}, {1})[1].
I Tate: Q(n) = Q(−1)⊗−n, n ∈ Z.

I Tate twist: M(n) = M ⊗Q(n).

I Kummer motives:

Kα = H(A1 \ {0}, {1, α})[1].

Distinguished triangle:

Q(0) −→ Kα −→ Q(−1)
+1−→



Logarithms of algebraic numbers are periods of Kummer motives:

I RBKα = H1
B(A1 \ {0}, {1, α}) with Q-basis δ∨, γ∨.

I RdRKα = H1
dR(A1 \ {0}, {1, α}) with k-basis dz

α−1 ,
dz
z .

I Period matrix (representing comparison isomorphism):

P =

(∫
δ

dz
α−1

∫
δ
dz
z∫

γ
dz
α−1

∫
γ

dz
z

)
=

(
1 logα
0 2πi

)
I Single-valued period matrix:

S = P
−1

P =

(
1 log |α|2
0 −1

)



Key point: Kummer motives generate every extension of Q(−1) by
Q(0) in DM(k) is given by Kummer motives, namely:

Ext1DM(k)(Q(−1),Q(0)) = k× ⊗Z Q

Upshot:

To prove a number is a logarithm, write it as a period of some
extension of Q(−1) by Q(0) in DM(k).



Putting everything together



I Motives:

Mn,z,w = H(M1,n \ Dw ,Dz)sgn[n], Fn,z = H(Dz)sgn[n − 1]

I Biextension:

I If H(M1,n)sgn[n] = 0, get distinguished triangle:

Fn,z −→ Mn,z,w −→ Fn,w (−1)
+1−→



Theorem (Brown-F.)

1. Gp,q
r ,s (z ,w) are single-valued periods of Mn,z,w .

2. If z is CM, then Fn,z = Q(n−12 )⊕ F̃n,z after extending scalars.

3. If z ,w are CM and H(M1,n)sgn[n] = 0, get subquotient

Q(n−12 ) −→ GZn,z,w −→ Q(n−32 )
+1−→

If n = 2s − 1, then G s−1,s−1
s−1,s−1 (z ,w) is ‘the’ single-valued

period of GZn,z,w . The GZ conjecture holds for Gs(z ,w).



We know that RBH(M1,n)sgn[n] = 0 for s ∈ {1, 2, 3, 4, 5, 7}
(Faber–Consani + classical theory of modular forms).

Conjecture

The functor RB : DM(k)→ DbVectQ is conservative.

Known to hold on the subcategory of mixed Tate motives.

Theorem (Brown-F.)

The motive of M1,3 is mixed Tate. In particular, the GZ conjecture
holds unconditionally for n = 3 (i.e., for G2(z ,w)).

We also expect the mixed Tate property for all n ≤ 10.



Thank you!


