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1 Foliations and the pth-power map

Let X be a smooth algebraic (geometrically integral) variety of dimension n over a field k
of characteristic p > 0. A foliation F on X is defined in the same way as a foliation in
characteristic 0: it is the datum of an involutive coherent subsheaf TF of the tangent sheaf
TX := HomOX

(Ω1
X/k,OX) = Derk(OX) such that the quotient TX/TF is torsion free. The

singular locus of sing(F) of F is the complement of the largest open subset of X over which
TX/TF is locally free.

The main novelty in positive characteristic, in contrast with characteristic zero, is the pres-
ence of the pth-power map on vector fields. For any vector field v defined on some open subset U
of X, and any integer n ≥ 1, we can regard v as a k-derivation of OU and consider the k-linear
endomorphism

vn := v ◦ · · · ◦ v︸ ︷︷ ︸
n times

.

This is not a derivation in general. In fact, it follows from Leibiniz’s rule that, for any regular
functions f and g on U , we have

vn(fg) =
n∑
j=0

(
n

j

)
vj(f)vn−j(g).

Note however that, since k is of characteristic p, if we set n = p, then
(
p
j

)
= 0 for every

1 ≤ j ≤ p− 1. Thus

vp(fg) = vp(f)g + fvp(g),

so that vp is a derivation of OU , i.e. a vector field on U !
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Example 1.1. Let X = A2
k = Spec k[x, y]. Then it is easy to see that ∂px = ∂py = 0. It follows

from Fermat’s Little Theorem that (x∂x)p = x∂x (and same for y). For p = 2, one can easily
compute

(y∂x + x∂y)
2 = x∂x + y∂y.

Giving a formula for the pth-power of a general vector field can be quite complicated (cf. next
section).

We come to our main definition.

Definition 1.2. We say that a foliation F on X is p-closed if TF is preserved under the pth-
power map, i.e. for any vector field v on some open subset of X, if v tangent to F , then vp is
also tangent to F .

The aim of this talk is to show that the presence — or the absence! — of p-closedness
governs much of the global behavior of the foliation. Let us consider some baby examples.

Example 1.3. It follows from the last example that, if p = 2, then the foliation on A2
k generated

by the vector field y∂x+x∂y is not p-closed. For general p, the foliation generated by x∂x+ny∂y
(n an integer) is p-closed.

We end this section with a basic lemma on the local form of a foliation that will be used
throughout this text.

Lemma 1.4 (cf. [1] Lemma 6.1). Let F be a foliation of X of dimension r, and x be a point
of X r sing(F). Then there exists a local system of coordinates (s1, . . . , sn) of X at x and a
trivialization (v1, . . . , vr) of TF at x such that

1. vi(sj) = δij for every 1 ≤ i, j ≤ r;

2. [vi, vj ] = 0 for every 1 ≤ i, j ≤ r.

If, moreover, F is p-closed, then

3. vpi = 0 for every 1 ≤ i ≤ r.

Proof. Let (s1, . . . , sn) be any local system of coordinates of X at x and (ωr+1, . . . , ωn) be
trivialization of N∗F = HomOX

(TX/TF ,OX) at x. Since x is a non-singular point of F ,
N∗Fx is a direct factor of Ω1

X,x, so that, up to renumbering (s1, . . . , sn), we may assume that

(ds1, . . . , dsr, ωr+1, . . . , ωn)

is a basis of Ω1
X,x; let us set ωi := dsi for 1 ≤ i ≤ r.

Let (v1, . . . , vn) be the dual basis of (ω1, . . . , ωn); (1) is clearly satisfied. Let 1 ≤ i, j ≤ r; to
prove that [vi, vj ] = 0, it is sufficient to show that

ωk([vi, vj ]) = 0

for every 1 ≤ k ≤ n. Since TF is involutive, this is trivial for r+ 1 ≤ k ≤ n. For 1 ≤ k ≤ r, we
have

ωk([vi, vj ]) = vi(ωk(vj))− vj(ωk(vi)) + dωk(vi, vj) = vi(δkj)− vj(δki)− d2sk(vi, vj) = 0.

This sets (2).
Finally let us prove (3). Assume that F is p-closed and fix 1 ≤ i ≤ r. Then, there exist

f1, . . . , fr ∈ OX,x such that vpi =
∑r

j=1 fjvj . By (1), we have fj = vpi (sj). Since vi(sj) = δij is
constant and p ≥ 2, we get fj = 0. �
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2 Quotients of p-closed foliations

We start with some purely algebraic preliminaries.

Definition 2.1. Let A be a ring of characteristic p > 0, and B be a subring containing the
ring of pth-powers Ap. We say that a tuple (a1, . . . , ar) of elements of A is a p-basis of A over
B (resp. is p-independent over B) if the elements air1 · · · airr , with 1 ≤ ij ≤ p − 1, form a basis
of A as a B-module (resp. are B-linearly independent).

Remark 2.2. It is easy to see that, if A and B are integral domains and (a1, . . . , ar) is a p-basis
of A over B, then it is also a p-basis of FracA over FracB.

For fields, p-bases always exist, and admit a simple characterizations via differentials.

Proposition 2.3. Let K ⊃ L be a finite extension of fields of characteristic p > 0, and assume
that L contains Kp. Then there exists a p-basis of K over L. Moreover, (f1, . . . , fr) is a p-basis
of K over L if and only if it is a differential basis of K over L, i.e. (df1, . . . , dfr) is a basis of
the K-vector space Ω1

K/L.

Proof. Let (f1, . . . , fm) be any tuple of p-independent elements of K over L. This is equivalent
to K ′ := K(f1, . . . , fm) being an extension of L of degree pm. If f ∈ KrK ′, then the polynomial
T p − fp ∈ K ′[T ] is irreducible over K ′, so that K ′(f) = K(f1, . . . , fm, f) is an extension of L
degree pm+1, i.e. (f1, . . . , fm, f) are p-independent. Since K is of finite degree over L, this
shows that any family of p-independent elements of K can be completed to a p-basis of K over
L.

If (f1, . . . , fr) is a p-basis ofK over L, then it is easy to show that any function {f1, . . . , fr} −→
K lifts to an L-derivation of K. This shows that (f1, . . . , fr) is a differential basis of K
over L. Conversely, assume that f1, . . . , fr ∈ K form a differential basis of K over L. If
f1, . . . , fr are not p-independent, then we may assume that fr = P (f1, . . . , fr−1) for some
P ∈ L[T1, . . . , Tr−1]. Thus dfr =

∑r−1
j=1(∂TjP )(f1, . . . , fr−1)dfj , which contradics the linear inde-

pendence of df1, . . . , dfr. By completing (f1, . . . , fr) to a p-basis (f1, . . . , fr′), we see that both
(f1, . . . , fr′) ad (f1, . . . , fr) are differential bases of K over L, so that r = r′. �

Corollary 2.4. Let K be a function field over k. An element f ∈ K satisfies df = 0 in Ω1
K/k

if and only if f ∈ kKp (compositum of k and Kp in K).

Proof. Since K is a function field over k, K is a finite field extension of kKp. Let (f1, . . . , fr) be
a p-basis of K over kKp, so that (df1, . . . , dfr) is a basis of Ω1

K/kKp = Ω1
K/k. If f ∈ K satisfies

df = 0, then, by writing f as a kKp-linear combination of f i11 · · · f irr , 1 ≤ ij ≤ p − 1, and by
successively applying the derivatives ∂fj we see that f ∈ kKp. �

Remark 2.5. In the above corollary, if k is a perfect field, then k ⊂ Kp, so that df = 0 if and
only if f is a pth-power.

Let us come back to foliations. From now on, we shall assume that k is perfect. For any
foliation F of X, we denote by OFX the subsheaf of rings of OX such that, for any affine open
subset U of X,

Γ(U,OFX) = {f ∈ Γ(U,OX) | v(f) = 0 for every v ∈ Γ(U, TF)}.

By the Leibniz’s rule, it contains the subsheaf OpX consisting of pth-powers of sections of OX .
Let Y be the scheme whose underlying topological space is X and whose sheaf of rings is

OFX . Note that Y is an integral k-scheme. Denote by π : X −→ Y the morphism of k-schemes
given by the identity on the level of topological spaces, and induced by the inclusion OFX −→ OX
on the level of sheaves of rings.
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Theorem. Assume that F is a p-closed foliation of dimension r, and let x ∈ X be a non-
singular point of F . Then there exists a system of local coordinates (s1, . . . , sn) of X at x such
that

1. (s1, . . . , sr) is a p-basis of OX,x over OY,π(x);

2. (∂s1 , . . . , ∂sr) is a basis of TFx;

3. OY,π(x) is a regular local ring and (sp1, . . . , s
p
r , sr+1, . . . , sn) form a system of local coordi-

nates of Y at π(x).

The following proof was borrowed from [6].

Proof. Let (t1, . . . , tn) be a system of local coordinates of X at x and (v1, . . . , vr) be a trivi-
alization of TF at x as in Lemma 1.4. Let us prove that (t1, . . . , tr) is a p-basis of OX,x over
OY,π(x).

It is easy to see that (t1, . . . , tr) is p-independent over OY,π(x). Thus, it suffices to prove that
OY,π(x)[t1, . . . , tr] = OX,x. For any 1 ≤ i ≤ r + 1, consider the assertion

There exists fi ∈ OX,x rOY,π(x)[t1, . . . , tr] such that vj(fi) = 0 for every 1 ≤ j ≤ i− 1. (Ai)

Let us prove that (Ai) implies (Ai+1). Since vpi = 0, there exists a smallest integer 0 ≤ m ≤
p − 1 such that vmi (fi) 6∈ OY,π(x)[t1, . . . , tr] but vm+1

i (fi) ∈ OY,π(x)[t1, . . . , tr]. Since v1, . . . , vr
commute, we also have vj(v

m
i (fi)) = 0 for every 1 ≤ j ≤ i − 1. Thus, up to replacing fi

by vmi (fi), we may assume that vi(fi) ∈ OY,π(x)[t1, . . . , tr]. Since vj(vi(fi)) = 0 for every
1 ≤ j ≤ i − 1, and (t1, . . . , tr) is a p-basis of OY,π(x)[t1, . . . , tr] over OY,π(x), we can write
vi(fi) as a polynomial in ti, . . . , tr with coefficients in OY,π(x), with degree ≤ p − 1 in each tj .

Now, as vp−1i (vi(fi)) = vpi (fi) = 0, the coefficient of tp−1i in this polynomial is zero, so that
we can integrate it with respect to vi. That is, there exists h ∈ OY,π(x)[t1, . . . , tr] such that
vi(h) = vi(fi). It is easy to see that fi+1 := fi − h satisfy the condition in (Ai+1).

Now, if OY,π(x)[t1, . . . , tr] 6= OX,x, then (A1) holds. By induction, the above argument
shows that (Ar+1) holds. This is impossible, since vj(fr+1) = 0 for every 1 ≤ i ≤ r implies
that fr+1 ∈ OY,π(x), which contradicts fr+1 /∈ OY,π(x)[t1, . . . , tr]. This finishes the proof that
(t1, . . . , tr) is a p-basis of OX,x over OY,π(x).

For every r + 1 ≤ j ≤ n, write

tj = gj,0 +
∑
I 6=0

gj,It
i1
1 · · · t

ir
r ,

where I = (i1, . . . , ir) are multi-indices satisfying 0 ≤ ik ≤ p−1, and gj,I are elements of OY,π(x);
set sj := gj,0. For 1 ≤ j ≤ r, set sj := tj . Then it is easy to prove that (s1, . . . , sn) is a system
of local coordinates of X at x satisfying (2). Moreover, (1) was already established.

Finally, let us prove (3). Arguing as above, we see that (s1, . . . , sn) is a p-basis of OX,x over
OpX,x. If g ∈ OY,π(x), let us write g = P (s1, . . . , sn) where P is a polynomial with coefficients

in OpX,x of degree ≤ p − 1 in each variable. Since ∂sjg = 0 for every 1 ≤ j ≤ r, we see

that g = P0(sr+1, . . . , sn), for some polynomial P0 with coefficients in OpX,x. This shows in

particular that OY,π(x) is of finite type over the Noetherian ring OPX,x (because isomorphic
to OX,x!), so that OY,π(x) is also Noetherian. It is clearly a local ring with maximal ideal
(s1, . . . , sn) ∩ OY,π(x). Now, if g as above is in the maximal ideal of OY,π(x), then its constant
term lies in (s1, . . . , sn) ∩ OpX,x = (sp1, . . . , s

p
n). This proves that (sp1, . . . , s

p
r , sr+1, . . . , sn) is a

system of generators of the maximal ideal of OY,π(x). Since OX,x is integral over OY,π(x), we
have dimOY,π(x) = dimOX,x = n, so that OY,π(x) is indeed regular. �
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The above theorem shows that Y can be thought as the quotient of X by the foliation F .
More precisely, we have the following result.

Corollary 2.6. The coherent subsheaf TF of TX coincides with the kernel of Dπ : TX −→
π∗TY over the open subset X r sing(F).

Proof. By definition of Y , it is clear that TF is contained in the kernel of Dπ. Conversely, let
x be a point of X r sing(F) and take a local system of coordinates (s1, . . . , vn) of X at x as
in the theorem. For any v ∈ TXx, we can write v =

∑
1≤i≤n fi∂si . If v ∈ kerDπx, then, since

(sp1, . . . , s
p
r , sr+1, . . . , sn) form a system of local coordinates of Y at π(x), we have in particular

0 = v(si) = fi for every r + 1 ≤ i ≤ n. Thus v ∈ TFx =
⊕r

i=1OX,x∂si . �

Corollary 2.7. Let F be a foliation of X of codimension one. Then F is p-closed if and only
if F admits a first integral.

Recall that, if ω ∈ Γ(X,NF ⊗ Ω1
X/k) is the 1-form defining F , a first integral of F is a

rational function f on X such that df 6= 0 and ω ∧ df = 0.

Proof. Assume that the foliation F admits a first integral f and let v be a vector field tangent
to F , i.e. ω(v) = 0. Since ω ∧ df = 0, we have v(f) = 0, so that vp(f) = 0. Furthermore, as
df 6= 0 and

0 = ivp(ω ∧ df) = ω(vp)df − vp(f)ω = ω(vp)df ,

we conclude that ω(vp) = 0. This shows that F is p-closed.
Conversely, if F is p-closed, then there is a quotient π : X −→ Y of X by F . Let g be

a rational function on Y and set f := π∗g. Since TF coincides with the kernel of Dπ over
X r sing(F), it is clear that ω ∧ df = 0. To finish the proof, it is sufficient to remark that we
can always choose g such that df 6= 01. �

3 The formulas of Jacobson and Hochschild

In the next section, we shall need to understand the behavior of the pth-power map on vector
fields of X under the OX -module structure of the tangent bundle TX.

Proposition 3.1. Let v and w be vector fields on some open subset of X and f be a regular
function defined on this same open subset. We have

1. Jacobson’s formula:

(v + w)p = vp + wp +

p−1∑
i=1

si(v, w)

where isi(v, w) is the coefficient of T i−1 in

[Tv + w, . . . [Tv + w, [Tv + w,︸ ︷︷ ︸
p−1 times

v]] . . .]

2. Hochschild’s formula:

(fv)p = fpvp + (fv)p−1(f)v.

1Otherwise, we would have k(Y ) = k(X)p (cf. [ref]), which contradicts [ref].
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These are purely algebraic statements and hold in much greater generality. We prove them
in the appendix.

Remark 3.2 (cf. [3] p. 187). One can easily compute si(v, w) by hand for small values of p:

p isi(v, w)

2 s1(v, w) = [v, w]

3
s1(v, w) = [[v, w], w]
2s2(v, w) = [[v, w], v]

5

s1(v, w) = [[[[v, w], w], w], w]
2s2(v, w) = [[[[v, w], v], w], w] + [[[[v, w], w], v], w] + [[[[v, w], w], w], v]
3s2(v, w) = [[[[v, w], v], v], v] + [[[[v, w], v], w], v] + [[[[v, w], w], v], v]

4s4(v, w) = [[[[v, w], v], v], v]
...

...

To our purposes, the following corollary of these formulas is enough.

Corollary 3.3. Let F be a foliation in X and U ⊂ X an open subset. If v1, . . . , vk ∈ Γ(U, TF)
and f1, . . . , fk ∈ Γ(U,OX), then the vector field on U

(f1v1 + · · ·+ fkvk)
p − fp1 v

p
1 − · · · − f

p
kv

p
k

is tangent to F .

Clearly, an analogous statement is true for rational vector fields vi and rational functions fi
on X.

4 Integrating factors of non p-closed foliations

We have seen that a codimension one foliation F of a smooth variety X over a field k of
characteristic p admits a first integral if and only if it is p-closed. What can be said if F is not
p-closed?

Proposition 4.1. Let X be a smooth variety over a field k of characteristic p > 0, and F be a
foliation on X of codimension one. If F is not p-closed, then any rational function f 6= 0 on X
of the form f = ωF (vp), for some rational vector field v tangent to F , is an integrating factor of
F . Moreover, the ratio between any two such integrating factors f, g is the p-power of a rational
function on X, i.e. f = hpg for some rational function h on X; in particular dlog f = dlog g.

Proof. Let v1, . . . , vn−1 be commuting rational vector fields onX forming a basis of TF⊗RX (see
Lemma 1.4), and let f1, . . . , fn−1 ∈ RX be rational functions such that v = f1v1+· · ·+fn−1vn−1.
Consider the rational vector field

vn := fp1 v
p
1 + · · ·+ fpn−1v

p
n−1.

It follows from Lemma 3.3 that vp − vn ∈ TF ⊗RX , so that

f = ωF (vp) = ωF (vn).

Furthermore, for any 1 ≤ m ≤ n− 1,

[vm, vn] =

n−1∑
i=1

[vm, f
p
i v

p
i ]

(∗)
=

n−1∑
i=1

fpi [vm, v
p
i ]

(∗∗)
= 0,
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where in (∗) we used that the derivative of any p-power is zero in characteristic p, and in (∗∗)
we used the formula in Remark A.2 and the fact that v1, . . . , vn−1 commute.

Let η := f−1ωF ; we must prove that η is closed. Since ωF is completely integrable, the same
holds for η, that is, η ∧ dη = 0. Thus

0 = ivn(η ∧ dη) = η(vn)dη − η ∧ ivn(dη) = dη − η ∧ ivn(dη).

Therefore, it suffices to prove that ivn(dη) = 0. Since (v1, . . . , vn) is a basis of TX ⊗ RX , it is
enough to check that ivn(dη)(vm) = 0 for any 1 ≤ m ≤ n. This follows from the formula

η([vn, vm]) = vn(η(vm))− vm(η(vn))− dη(vn, vm) = vn(η(vk))− vk(η(vn))− ivn(dη)(vm),

and from the fact that v1, . . . , vn are commuting vector fields for which η(vm) is a constant for
every 1 ≤ m ≤ n. �

A Proof of Jacobson’s and Hochschild’s formulas

A.1 Jacobson’s formula

Let R be an associative ring, not necessarily commutative (e.g. R the ring of linear endo-
morphisms End(A) of a commutative ring A). For x ∈ R, we denote by lx (resp. rx) the
endomorphism of R given by left (resp. right) multiplication by x, and we set sx := lx − rx.
Thus

sx(y) = [x, y] = xy − yx

for any x, y ∈ R.

Proposition A.1 (Jacobson, cf. [3] V.63). Let R be an associative ring of characteristic p > 0.
Then, for every x, y ∈ R, we have

(x+ y)p = xp + yp +

p−1∑
i=1

si(x, y) ∈ R

where isi(x, y) is the coefficient of T i−1 in the polynomial sp−1Tx+y(x) ∈ R[T ].

Proof. Let x ∈ R. Since R is of characteristic p, and the endomorphisms lx and rx commute,
we have

spx = (lx − rx)p = lpx − rpx

By factoring lpx − rpx = (lx − rx)(lp−1x + lp−2x rx + · · ·+ rp−1x ), we also obtain

sp−1x =

p−1∑
i=0

lp−1−ix rix. (A.1)

In the ring R[T ], we may write

(xT + y)p = xpT p + yp +

p−1∑
i=1

s′i(x, y)T i (A.2)
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for some s′i(x, y) ∈ R. By differentiating the above identity with respect to the variable T , we
obtain (recall that R is not necessarily commutative!)

p−1∑
i=0

(Tx+ y)ix(Tx+ y)p−1−i =

p−1∑
i=1

is′i(x, y)T i−1.

Now, by (A.1), the left-hand side in the above identity is sp−1Tx+y(x). By setting si(x, y) := s′i(x, y),
and by specializing (A.2) at T = 1, we obtain the desired identity. �

Remark A.2. The above formula spx = lpx − rpx means that, for any x, y ∈ R,

[x, . . . , [x[x,︸ ︷︷ ︸
p times

y]] . . .] = [xp, y].

A.2 Hochschild’s formula

Our exposition is based on [5] Chapter 9, Paragraph 25.
In what follows, if A is any ring and a ∈ A, we still denote by a the element of End(A)

given by left multiplication by a. In particular, if D ∈ Der(A), and k ≥ 0 is an integer, Leibniz
formula gives

Dka := Dk ◦ a =
k∑
i=0

(
k

i

)
Dk−i(a)Di ∈ End(A).

Proposition A.3. Let K be a field of characteristic p > 0, and D be a non-trivial derivation
of K. Let a0, . . . , ap−1 ∈ K. If the linear endomorphism of K

a0 + a1D + · · ·+ ap−1D
p−1

is a derivation, then a0 = a2 = · · · = ap−1 = 0.

Proof. We first prove that 1, D, . . . ,Dp−1 are linearly independent over K. By contradiction,
assume that there exists an integer 0 ≤ i < p such that 1, D, . . . ,Di−1 are linearly independent
over K, but 1, D, . . . ,Di are not. Then there exist b0, . . . , bi−1 such that

Di = b0 + b1D + · · ·+ bi−1D
i−1.

Let a ∈ A be such that D(a) 6= 0. We compose the above identity on the right with left
multiplication by a, and apply Leibniz formula:

i∑
j=0

(
i

j

)
Di−j(a)Dj = b0a+ b1

1∑
j=0

(
1

j

)
D1−j(a)Dj + · · ·+ bi−1

i−1∑
j=0

(
i− 1

j

)
Di−1−j(a)Dj

so that

aDi + iD(a)Di−1 − bi−1aDi−1 ∈ 〈1, D, . . . ,Di−2〉.

But our original relation implies that aDi−bi−1aDi−1 is also in 〈1, D, . . . ,Di−2〉. Since iD(a) 6=
0, we conclude that Di−1 may be written as a linear combination of 1, D, . . . ,Di−2, which
contradicts our assumption.
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Let a0, . . . , ap−1 ∈ K be as in the statement, and E = a0 + a1D + · · · + ap−1D
p−1. Then

a0 = E(1) = 0. Let a ∈ K be such that D(a) 6= 0. By composing both sides with left
multiplication by a and by applying Leibniz formula, we obtain

aE + E(a) = aap−1D
p−1 + ((p− 1)ap−1D(a) + aap−2)D

p−2 + · · ·

Since 1, D, . . . ,Dp−1 are linearly independent over K, the coefficients of Dp−2 on both sides
must be equal, so that (p − 1)ap−1D(a) = 0. We conclude that ap−1 = 0. Similarly, we prove
by induction that ap−2 = · · · = a2 = 0. �

Proposition A.4 (Hochschild, cf. [2] Lemma 1). Let A be a ring of characteristic p > 0. Then,
for a ∈ A, and D ∈ Der(A), we have

(aD)p = apDp + (aD)p−1(a)D.

Proof. For any integer k ≥ 2, one may easily prove by induction that

(aD)k = akDk +

k−1∑
i=2

ak,iD
i + (aD)k−1(a)D

where ak,i = Pk,i(a,D(a), . . . , Dk−i(a)), and Pk,i ∈ Fp[T0, T1, . . . , Tk−i] is a polynomial that
does not depend on A, a, or D.

Consider the field K = Fp({Ti}i∈N) and let ∂ be the unique derivation of K satisfying
∂(Ti) = Ti+1 for every i ≥ 0. Since (T0∂)p and T p0 ∂

p are also derivations of K, by Proposition
A.3, we have

Pp,i(T0, T1, . . . , Tp−i) = 0

for every 2 ≤ i ≤ p− 1; so that ap,i = 0 as well. �
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