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I H = {z ∈ C | =(z) > 0}

I Γ0(N) =

{(
a b
c d

)
∈ SL2(Z)

∣∣∣∣ c ≡ 0 (mod N)

}

Definition
A weakly holomorphic modular form of weight k and level N is a
holomorphic function f : H→ C satisfying

f

(
az + b

cz + d

)
= (cz + d)k f (z),

(
a b
c d

)
∈ Γ0(N)

and ‘meromorphic at the cusps’. They form a complex vector
space M !

k(Γ0(N)).

How to construct?



Definition
Suppose k ≥ 4 and let m ∈ Z. The mth Poincaré series of weight
k and level N is

Pm,k,N(z) =
∑

γ∈Γ∞\Γ0(N)

e2πimγz

(cz + d)k
∈ M !

k(Γ0(N))

where

Γ∞ =

{(
a b
c d

)
∈ Γ0(N)

∣∣∣∣ c = 0

}
=

{
±
(

1 n
0 1

) ∣∣∣∣ n ∈ Z
}

I Can also define Poincaré series in weigth k = 2.

I m = 0 =⇒ Eisenstein series



Every f ∈ M !
k(Γ0(N)) admits a Fourier series (q-expansion):

f (z) =
∑

n�−∞
an(f )qn, q = e2πiz

Example

For k ≥ 4,

P0,k,1(z) = Ek(z) = 1− 2k

Bk

∑
n≥1

σk−1(n)qn ∈ Mk(Γ0(1))

Example

I ∆(z) = E4(z)3−E6(z)2

1728 = q
∏

n≥1(1− qn)24 ∈ S12(Γ0(1))

I j(z) = E4(z)3

∆(z) = 1
q + 744 + 196884q + · · · ∈ M !

0(Γ0(1))



Definition (Petersson inner product)

For cusp forms f , g ∈ Sk(Γ0(N)), we define

(f , g)Pet =

∫
Γ0(N)\H

f (z)g(z)yk
dxdy

y2

where z = x + iy .

Theorem (Petersson)

For m ≥ 1, we have Pm,k,N ∈ Sk(Γ0(N)) and

(f ,Pm,k,N)Pet =
(k − 2)!

(4πm)k−1
am(f )

for any f ∈ Sk(Γ0(N)).



What about the Fourier coefficients of Poincaré series?

I Are there explicit formulas?

I Are they algebraic, rational, or integers?



Classical formulas (m > 0):

Pm,K ,N(z) = qm+
∑
n≥1
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P−m,K ,N(z) = q−m+
∑
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I K (a, b; c) =
∑

x∈(Z/cZ)× e
2πi
c
ax+bx−1 ∈ R ∩Q Kloosterman

sum

I Jr , Ir Bessel functions





I P1,12,1 = 2.84028...×∆

Lehmer’s conjecture: Pm,12,1 6≡ 0 for every m ≥ 1.

I P−1,2,1 = − 1
2πi

dj
dz = 1

q − 196884q + 42987520q2 + · · ·

Corollary: an(j) ∼ e4π
√
n

√
2n3/4

I Pm,4,8 ≡ 0, m = 2, 4, 6, 8, . . .

I P−1,4,9 = 1
q + 2q2 − 49q5 + 48q8 + 711q11 − · · · ∈ Z[[q]]

(Bruinier-Ono-Rhoades ’08, Candelori ’14)



I How to explain the rationality phenomena?

I Geometric interpretation for coefficients of Poincaré series?



Periods (à la Kontsevich-Zagier):

Example (Motives Hn(X ))
X smooth affine algebraic variety over Q

I Hn
dR(X ) = Ωn(X )d=0/dΩn−1(X ) = Q · [ω1]⊕ · · · ⊕Q · [ωr ]

I Hn
B(X ) = Hn(X (C);Q)∨ = Q · [σ1]∨ ⊕ · · · ⊕Q · [σr ]∨

I Comparison isomorphism (Grothendieck ’66)

comp : Hn
dR(X )⊗ C ∼−→ Hn

B(X )⊗ C
I Period matrix

P =


∫
σ1
ω1 · · ·

∫
σ1
ωr

...
. . .

...∫
σr
ω1 · · ·

∫
σr
ωr

 ∈ GLr (C)



Claim
Fourier coefficients of Poincaré series are given by periods of
modular motives.

Example

I Elliptic curve E : y2 + y = x3 − x2 − 10x − 20

I H1
dR(E ) = Q · [ dx

2y+1 ]⊕Q · [x dx
2y+1 ], H1

B(E ) = Q · [γ1]∨ ⊕Q · [γ2]∨

I Period matrix

P =

(
ω1 η1

ω2 η2

)
=

(
1.269... −2.214...

0.634...+ i1.458... −1.107...+ i2.405...

)

I a1(P1,2,11) = 1.696... = − 2πi
ω1ω2−ω1ω2

I a1(P−1,2,11) = −0.952... = ω1η2−ω2η1

ω1ω2−ω1ω2
− 1



Single-valued periods (Brown-Dupont ’18) of Hn(X ) for X smooth
affine over Q:

I Combinations of integrals of the form
∫
σ ω ∧ η, for

ω, η ∈ Ωn(X ).

I Complex conjugation X (C)→ X (C) induces involution
F∞ : Hn

B(X )→ Hn
B(X ), which induces

sv : Hn
dR(X )⊗ R ∼−→ Hn

dR(X )⊗ R

I Single-valued period matrix:

S = P−1P = P−1F∞P ∈ GLr (R)

Example (H1(E ))

S =
1

2πi

(
ω1η2 − ω2η1 η1η2 − η1η2

ω1ω2 − ω1ω2 ω1η2 − ω2η1

)
=

(
−0.028... −1.695...
−0.589... 0.028...

)



Given a level N ≥ 1, we have a modular curve Y0(N) over Q such
that

Y0(N)(C) = Γ0(N)\H

To a weight k ≥ 2 and a level N ≥ 1 we associate a motive

M(k ,N) = H1
cusp(Y0(N),Symk−2H1(E/Y0(N)))

subquotient of

Hk−1(E ×Y0(N) · · · ×Y0(N) E︸ ︷︷ ︸
k−2

)

Example

I Let X0(N) = Y0(N). Then M(2,N) = H1(X0(N)).

I In the example before, X0(11) = E . Fourier coefficients of
Pm,2,11 are single-valued periods of M(2, 11).



Theorem
Let S = (sij)1≤i ,j≤r ∈ GLr (R) be a single-valued period matrix
with respect to a Q-basis of M(k ,N)dR. Then,

Q(sij : 1 ≤ i , j ≤ r) = Q(an(Pm,k,N) : m, n ∈ Z).

I Q(an(Pm,k,N) : m, n ∈ Z) is finitely generated.

I If M(k,N) = 0, then an(Pm,k,N) ∈ Q for every m, n.

Example: M(2, 1) = H1(X0(1)) = H1(P1) = 0.

P−1,2,1 =
1

q
− 196884q + 42987520q2 + · · ·



Let D = 1
2πi

d
dz = q d

dq .

Theorem (Scholl ’85, Coleman ’96, Brown-Hain ’18, ...)

For every k ≥ 2, N ≥ 1, there is a canonical isomorphism

M(k,N)dR ∼= S !
k(Γ0(N))Q/D

k−1M !
2−k(Γ0(N))Q

[f ∈ S !
k if constant term at the cusps vanish, e.g. a0(f ) = 0]

Example (k = 2)

I We have M !
2(Γ0(N))Q ∼= Ω1(Y0(N)) via f 7→ 2πi f (z)dz , so that

M !
2(Γ0(N))Q/DM

!
0(Γ0(N))Q ∼= Ω1(Y0(N))/dO(Y0(N)) = H1

dR(Y0(N))

I S !
2(Γ0(N))Q: 1-forms with vanishing residues along the cusps

S !
2(Γ0(N))Q/DM

!
0(Γ0(N))Q ∼= H1

dR(X0(N)) = M(2,N)dR



I Assume M(k ,N) has rank 2.

I Let f ∈ Sk(Γ0(N))Q and g ∈ S !
k(Γ0(N))Q induce a basis of

M(k,N)dR.

I Let S = ( s11 s12
s21 s22 ) be the corresponding single-valued period

matrix.

Theorem
For every m ≥ 1, there is hm ∈ M !

2−k(Γ0(N))Q such that, for every
n ≥ 1,

an(Pm,k,N) = −(k − 2)!

mk−1
am(f )an(f )

1

s21

an(P−m,k,N) =
(k − 2)!

mk−1
am(f )an(f )

s11

s21
+ rm,n

where rm,n = (k−2)!
mk−1 am(f )an(g) + nk−1an(hm) ∈ Q.



Complex multiplications by L = Q(
√
−d):

I Assume M(k ,N)⊗ L admits a non-trivial endomorphism.

I We get
(
a b
0 d

)
∈ Mr×r (L) such that(

a b
0 d

)(
s11 s12

s21 s22

)
=

(
s11 s12

s21 s22

)(
a b

0 d

)

I Thus:
s11

s21
=

b

a− a
∈ L ∩ R = Q

Example

M(4, 9) has CM by Q(
√
−3). Corollary: P−m,4,9 has rational

Fourier coefficients for every m ≥ 1.



How to prove the theorems?

I Explicit description of

sv : M(k ,N)dR ⊗ R→ M(k,N)dR ⊗ R

via harmonic Maass forms:

sv([f ]) =
(4π)k−1

(k − 2)!
[Dk−1(F )]

where F ∈ H !
2−k(Γ0(N)) is a harmonic lift of f :

2i

(=z)2−k
∂F

∂z
= f (z)

I Bringmann-Ono ’07 =⇒ sv([Pm,k,N ]) = −[P−m,k,N ].
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