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x2 + y2 = 1



x2 + y2 = 1

π

2
=

∫ 1

0

1√
1− x2

dx

Theorem (Lindemann 1882)

π is transcendental.



(x2 + y2)2 − 2(x2 − y2) = 1



(x2 + y2)2 − 2(x2 − y2) = 1

Ω

2
=

∫ 1

0

1√
1− r4

dr =
Γ(1/4)2

4
√

2π

Theorem (Schneider 1937)

Ω is transcendental.



Is Ω, or Γ(1/4), algebraically independent to π?

Recall: α, β ∈ C are algebraically independent (over Q) if there exists no

non-zero P ∈ Q[X ,Y ] such that P(α, β) = 0.

Theorem (Chudnovsky 1976)

π and Γ(1/4) are algebraically
independent.

Also true for π and Γ(1/3).

Open problem: are π, Γ(1/5), Γ(2/5) algebraically independent?



I A. Grothendieck, On the de Rham cohomology of algebraic

varieties. Publications Mathématiques de l’IHES, tome 29 (1966)

X/Q smooth algebraic variety

I Hn
dR(X ) = Hn(Ω•X/Q)

I Hn
B(X ) = Hn(X (C),Q)∨

comp : Hn
dR(X )⊗Q C ∼→ Hn

B(X )⊗Q C

[α] 7→ ([γ] 7→
∫
γ

α)

Period matrix:

P = (

∫
γj

αi )i,j

[αi ] and [γj ] bases defined over Q



Example (Elliptic curves)
Let E ⊂ P2 be given by y2z = 4x3 − uxz2 − vz3, with u, v ∈ Q,
satisfying u3 − 27v2 6= 0.
From

H1
dR(E ) = H1

dR(E aff), E aff = E \ {O}

we obtain

H1
dR(E ) = Q ·

[
dx

y

]
︸ ︷︷ ︸
ω

⊕Q ·
[
x
dx

y

]
︸ ︷︷ ︸

η

P =

(
ω1 η1

ω2 η2

)
=

( ∫
γ1
ω

∫
γ1
η∫

γ2
ω

∫
γ2
η

)

I Legendre: ω1η2 − ω2η1 = 2πi

I In the case u = 4, v = 0, we have
ω1 = Ω, ω2 = iΩ



Crucial remark: algebraic cycles induce relations between periods!

Example (Complex multiplication)

Let ϕ ∈ End(EC) \ Z (corresponds to 1-cycle in E × E ).
From

ϕ∗B ◦ comp = comp ◦ ϕ∗dR(
a b
c d

)
︸ ︷︷ ︸
∈GL2(Q)

(
ω1 η1

ω2 η2

)
=

(
ω1 η1

ω2 η2

)(
α β
0 δ

)

we get
aω1 + bω2

cω1 + dω2
=
ω1

ω2
=⇒ ω1

ω2
∈ Q



Conjecture (Grothendieck)

Every algebraic relation between periods is of motivic origin.

Can rephrase as (±ε):

trdegQQ(Periods(X )) = dimGmot(X )

Example (Elliptic curve)

dimGmot(E ) =

{
2 if E has CM

4 if not



Example (A genus 2 curve)

I C/Q = hyperelliptic curve with affine
equation y2 = 1− x5. Automorphism

σ : (x , y) 7→ (ζx , y), ζ = e
2πi

5

I For suitable γj (1 ≤ i , j ≤ 4):∫
γj

x i−1 dx

y
=

2

5
ζ i(j−1)(1− ζ i )B

(
i

5
,

1

2

)

Get:

Q(Periods(C ))
alg
⊂ Q(π, Γ(1/5), Γ(2/5))

Can prove dimGmot(C ) = 3, so the period conjecture predicts
π, Γ(1/5), Γ(2/5) algebraically independent.



Chudnovsky’s method only gives “at least two of π, Γ(1/5), Γ(2/5)
are algebraically independent”...

Is there another approach?



Theorem (Nesterenko 1996)

For every τ ∈ H = {z ∈ C | =z > 0},

trdegQQ(e2πiτ ,E2(τ),E4(τ),E6(τ)) ≥ 3

I E2k(τ) = 1− 4k
B2k

∑
n≥1 σ2k−1(n)qn ∈ Z[[q]], where q = e2πiτ

I Improves Chudnovsky! Given E : y2 = 4x3 − ux − v ,

E2(τ) = 12
ω1η1

(2πi)2
, E4(τ) = 12u

( ω1

2πi

)4

, E6(τ) = −216v
( ω1

2πi

)6

where τ = ω2/ω1

I E.g. eπ, π, Γ(1/4) are algebraically independent

I Proof relies on integrality plus Ramanujan’s equations

DE2 =
E 2

2 − E4

12
, DE4 =

E2E4 − E6

3
, DE6 =

E2E6 − E 2
4

2

where D = 1
2πi

d
dτ = q d

dq



Several variables generalization ?

Zudilin 2000 Pellarin 2004



Geometric approach (cf. Movasati’s “Gauss-Manin in disguise”)

I k base field

I (A, λ)/k principally polarized abelian variety of dimension g

I H1
dR(A) is a 2g -dimensional k-vector space with:

1. a symplectic k-form 〈 , 〉λ : H1
dR(A)× H1

dR(A)→ k
2. a Lagrangian subspace H0(A,Ω1) ⊂ H1

dR(A) (Hodge filtration)

I Symplectic-Hodge basis: b = (ω1, . . . , ωg , η1, . . . , ηg ) such
that

ωi ∈ H0(A,Ω1) and b is symplectic wrt 〈 , 〉λ

Example (g=1)

([dx/y ], [xdx/y ]) is a symplectic Hodge basis of an elliptic curve
given by y2 = 4x3 − ux − v



Theorem
There is a smooth Deligne-Mumford stack Bg over Z classifying
(A, λ, b). The base change Bg ⊗ Z[1/2] is representable by a
smooth quasi-affine Z[1/2]-scheme Bg of rel. dimension 2g2 + g .

Example (g = 1)

B1 ⊗ Z[1/6] ∼= SpecZ[1/6, x1, x2, x3, (x
3
2 − x2

3 )−1]

We can see
(A, λ, b) Bg

(A, λ) Ag

π

as a principal Pg -bundle

Pg =

{(
∗ ∗
0 ∗

)}
≤ Sp2g



Claim: there is a canonical splitting of

0 −→ TBg/Ag
−→ TBg

Dπ−→ π∗TAg −→ 0

Consider the vector bundle

V H1
dR(A)⊕g

Ag (A, λ)

p

We have an immersion over Ag :

(A, λ, b) (A, λ, η1, . . . , ηg )
Bg V

Ag

i

π p

The Gauss-Manin connection
induces a splitting (Ehresmann)

0→ TV/Ag

L99→ TV
Dp→ p∗TAg → 0

This induces a splitting of the
original sequence via i .

We get an (integrable) subbundle

Rg ⊂ TBg isomorphic to π∗TAg



I Let F = v. bun. over Ag whose fiber at (A, λ) is H0(A,Ω1).

I Kodaira-Spencer:
TAg

∼= Sym2(F)∨

I π∗F trivialized by (ωuniv
1 , . . . , ωuniv

g ), so we get a trivialization

(vij)1≤i≤j≤g

of Rg
∼= π∗TAg , the higher Ramanujan vector fields.

Example (g = 1)

Under the previous identification of B1 ⊗ Z[1/6], we get

v11 =
x2

1 − x2

12

∂

∂x1
+

x1x2 − x3

3

∂

∂x2
+

x1x3 − x2
2

2

∂

∂x3
.



Siegel upper half-space:

Hg = {τ ∈ Mg×g (C) | τ = τ t , =τ > 0}

We construct a holomorphic map with “Fourier coefficients in Z” :

ϕg : Hg −→ Bg (C)

satisfying the higher Ramanujan equations:

1

2πi

∂ϕg

∂τkl
= vkl ◦ ϕg .

Example (g=1)

Under the previous identification, ϕ1 = (E2,E4,E6).



Theorem
Let (A, λ) be defined over Q. Then there exists τ ∈ Hg such that

Q(Periods(A)) ⊃ Q(2πi , τ, ϕg (τ))

is a finite field extension.

Question: can we extend Nesterenko’s methods to ϕ2?

Would prove algebraic independence of π, Γ(1/5), Γ(2/5)... Note:

generically,

Gmot(A) = GSp2g =⇒ dimGmot(A) = 2g2 + g + 1

By the period conjecture, we expect ϕg (Hg ) to be Zariski-dense in
Bg (C).



Theorem
Every analytic leaf of Rg is Zariski-dense in Bg (C).

Related to Nesterenko’s “D-property” in transcendence theory.

Proof of the special case ϕg (Hg ).

I It suffices: ϕg (Hg ) is Zariski-dense in each fiber of
π : Bg → Ag . Note: Ag (C) = Sp2g (Z)\\Hg .

I Given τ ∈ Hg , boils down to the Zariski-density of{(
(Cτ + D)−1 − 1

2πiC
t

0 (Cτ + D)t

)
∈ Pg (C) ;

(
A B
C D

)
∈ Sp2g (Z)

}
in Pg (C).

I Follows from the Zariski-density of Sp2g (Z) in Sp2g (C).



Theorem
The graph of ϕg

{(τ, ϕg (τ)) ∈ Symg (C)× Bg (C) | τ ∈ Hg}

is Zariski-dense in Symg (C)× Bg (C).

The only general algebraic relation between periods of principally
polarized abelian varieties are the ones given by the polarization
data.


